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Abstract
Motivated by the theory of crystallizations, we consider an equivalence relation on
the class of 3-regular colored graphs and prove that up to this equivalence (a) there
exists a unique contracted 3-regular colored graph if the number of vertices is 4m and
(b) there are exactly two such graphs if the number of vertices is 4m+2 for each m ≥ 1.
Using this, we present a simple proof of the classification of closed surfaces.
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1 Introduction and Results
A 3-regular colored graph is a loopless 3-regular multigraph which has a proper edge-coloring
with three colors. Such a graph is called contracted if each bi-colored cycle is Hamiltonian.
For two 3-regular colored graphs G and H with same color set, the connected sum is the
graph obtained from G and H by deleting any two vertices u ∈ G and v ∈ H and welding
the “hanging” edges of the same colors. Two 3-regular colored graphs will be called D-
equivalent if one can be obtained from the other by a finite sequence of moves where a move
is either a simple cut-and-glue move or interchanging the vertices of connected sums (cf.
Definition 5 for details).
Existence of bi-colored Hamiltonian cycles shows that a contracted 3-regular colored
graph has even number of vertices. There exists a unique contracted 3-regular colored
graph with two vertices. The complete graph K4 together with a proper edge-coloring with
three colors is the unique contracted 3-regular colored graph (say, P1) with four vertices.
The complete bipartite graph K3,3 together with a proper edge-coloring with three colors
is the unique contracted bipartite 3-regular colored graph (say, T1) with six vertices (cf.
Example 6).
For m ≥ 1, let Pm (resp., Tm) denote a connected sum of m copies of P1 (resp., T1).
Then Pm is a (2m+2)-vertex contracted 3-regular colored graph and Tm is a (4m+2)-vertex
contracted 3-regular colored graph. Here we prove
Theorem 1. For n ≥ 4, let G be a contracted 3-regular colored graph with n vertices. If
n = 4m for some m then G is D-equivalent to P2m−1. If n = 4m + 2 for some m then G
is D-equivalent to P2m or Tm.
As an application of the above theorem, we present a simple proof of the following
classification of closed connected surfaces (cf. [6]).
Corollary 2. If S is a closed connected surface then S is homeomorphic to S2, #g(S
1 × S1)
for some g ≥ 1 or #hRP
2 for some h ≥ 1.
1
2 Preliminaries
2.1 Colored Graphs
A graph Γ is called 3-regular if the number of edges adjacent to each vertex is 3. A 3-regular
colored graph is a pair (Γ, γ), where Γ = (V (Γ), E(Γ)) is a loopless 3-regular multigraph and
γ : E(Γ)→ {0, 1, 2} is a proper edge-coloring (i.e., γ(e) 6= γ(f) for any pair e, f of adjacent
edges). We shall simply say Γ is a 3-regular colored graph when the coloring is understood.
Two 3-regular colored graphs G,H are called isomorphic and is denoted by G ∼= H if one
can be obtained from the other by renaming the vertices so that equally colored edges in
G correspond to equally colored edges in H. We identify two colored graphs if they are
isomorphic. A graph is called bipartite if the vertices of the graph have a partition with two
parts such that end points of every edge lie in different parts of the partition. We refer to
[2] for standard terminology on graphs.
Let (Γ, γ) be a 3-regular colored graph with color set {0, 1, 2}. For any pair of colors
i 6= j ∈ {0, 1, 2}, the graph Γ{i,j} = (V (Γ), γ
−1({i, j})) is a 2-regular colored graph with
edge-coloring γ|γ−1({i,j}). If Γ{i,j} is connected (equivalently, if Γ{i,j} is a Hamiltonian cycle)
for all i 6= j ∈ {0, 1, 2}, then (Γ, γ) is called contracted. Clearly, if (Γ, γ) is contracted and
have more than two vertices then Γ is simple.
Let Γ1 = (V1, E1) and Γ
2 = (V2, E2) be two 3-regular colored graphs with same colors
0, 1, 2. Taking isomorphic copies (if necessary), we can assume that Γ1 and Γ2 are disjoint.
For 1 ≤ i ≤ 2, let vi ∈ Vi. Consider the graph Γ which is obtained from (Γ
1−v1)⊔ (Γ
2−v2)
by adding 3 new edges uj,1uj,2 of color j for 0 ≤ j ≤ 2, where viuj,i are edges of color j in
Γi for 0 ≤ j ≤ 2, 1 ≤ i ≤ 2. (Here Γi − vi is the vertex-deleted subgraph Γ
i[Vi \ {vi}].) The
colored graph Γ is called a connected sum of Γ1 and Γ2, and is denoted by Γ1#v1v2Γ
2.
For us, a bipartite graph has a fixed bi-partition together with one part with black
vertices (which are presented by black dots ‘•’) and the other part with white vertices (which
are presented by white dots ‘◦’). Let Γ1, Γ2 be two graphs and v1 ∈ V (Γ
1), v2 ∈ V (Γ
2). If
v1 and v2 both are either black vertices or white vertices then we say they are of same type.
Otherwise, we say v1 and v2 are of different types. If at least one of Γ
1, Γ2 is non-bipartite
then, by Γ1#Γ2 we denote a connected sum Γ1#v1v2Γ
2 for some arbitrary chosen vertices
v1, v2. If Γ
1, Γ2 both are bipartite then, by Γ1#Γ2 we denote a connected sum Γ1#v1v2Γ
2
where v1, v2 are of different types.
Definition 3. For two colored graphs Γ1 and Γ2, let Γ = Γ1#uvΓ
2 and Γ′ = Γ1#u′v′Γ
2,
where u, v (resp., u′, v′) are of different types if Γ1,Γ2 both are bipartite. If (u, v) 6= (u′, v′)
then we say Γ (resp., Γ′) is obtained from Γ′ (resp., Γ) by interchanging the vertices of
connected sums.
Let Γ be a 3-regular colored graph (with color set {0, 1, 2}). Let G and H be two disjoint
2-regular colored graphs with colors 0 and 1 such that (i) V (G) ∪ V (H) = V (Γ) ∪ {z1, z2},
(ii) z1 ∈ V (G), z2 ∈ V (H), (iii) Γ{0,1} = G#z1z2H. Now we construct a 3-regular colored
graph Γ¯ such that (a) Γ¯{0,1} = G⊔H, (b) z1 and z2 are joined by an edge of color 2, and (c)
two vertices u, v 6∈ {z1, z2} of Γ¯ are joined by an edge of color 2 if and only if u and v are
joined by an edge of color 2 in Γ. The process from Γ to Γ¯ is called a simple cut with the
chosen color 2 and the chosen pair (z1, z2). The reverse process is called a simple glueing.
Definition 4. Let Γ and Γ′ be two 3-regular colored graphs (with color set {0, 1, 2}). We
say that Γ′ is obtained from Γ by a simple cut-and-glue move if there exists a 3-regular
colored graph Γ¯ such that Γ¯ is obtained from Γ by a simple cut with the chosen color 2
2
and a chosen pair (z1, z2) and Γ
′ is obtained from Γ¯ by a simple glueing (equivalently, Γ¯ is
obtained from Γ′ by a simple cut) with the chosen color 2 and a chosen pair (w1, w2).
Definition 5. Two 3-regular colored graphs Γ and Γ′ are called D-equivalent (and is denoted
by Γ ≈D Γ
′) if there exists a finite sequence {Γi}ni=1 of 3-regular colored graphs such that
Γ1 = Γ and Γn = Γ′, and Γi is obtained from Γi−1 by a simple cut-and-glue move or by
interchanging the vertices of connected sums, for 2 ≤ i ≤ n.
Example 6 (Contracted 3-regular colored graphs up to 6 vertices). The graph L given in
Figure 1 is a 3-regular colored graph with two vertices. Clearly, L is the unique 3-regular
colored graph with two vertices. Note that L is contracted. The graph P1 given in Figure
1 is a contracted 3-regular colored graph with four vertices. It is a non-bipartite graph.
Clearly, P1 is the unique contracted 3-regular colored graph with four vertices. The graphs
T1 and P2 given in Figure 1 are contracted 3-regular colored graphs with six vertices. Note
that T1 is a bipartite graph and P2 is a non-bipartite graph. It is not difficult to see that
any 6-vertex contracted 3-regular colored graph is isomorphic to T1 or P2.
v1 v2
L
v2
v4
v3
v1
P1 v2
v4
v6
v3
v5
v1
T1 v2
v4
v6
v3
v5
v1
P2
0
1
2
Figure 1: Contracted 3-regular colored graphs up to 6 vertices.
For m ≥ 1, Pm (resp., Tm) is a connected sum of m copies of P1 (resp., T1).
2.2 Crystallizations
Each 3-regular colored graph (Γ, γ) determines a 2-dimensional simplicial cell-complex K(Γ)
as follows:
• for every vertex v ∈ V (Γ), take a 2-simplex σ(v) and label its three vertices by the
colors 0, 1 and 2 respectively,
• for every edge (of Γ) of color i between v,w ∈ V (Γ), identify the edges of σ(v) and
σ(w) opposite to i-labelled vertices, so that equally labelled vertices coincide.
If Γ is contracted and the underlying topological space of K(Γ) is homeomorphic to
a closed surface M , then the 3-regular colored graph (Γ, γ) is called a crystallization of
M . For more on simplicial cell complexes and related notions see [1]. From the works on
crystallizations, we know the following results for surfaces.
Proposition 7 ([7], Proposition 4.1). Every closed connected surface admits a crystallization.
Proposition 8 ([3], Proposition 15). Let (Γ, γ) be a crystallization of a closed connected
surface M . Then M is orientable if and only if Γ is bipartite.
Proposition 9 ([5], Theorem 5). For 1 ≤ i ≤ 2, let (Γi, γi) be a crystallization of a closed
connected surface Mi (with the induced orientation if Mi is orientable). Then any connected
sum Γ1#Γ2 is a crystallization of M1#M2.
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Proposition 10 ([4], the main result). Let (Γ, γ) and (Γ′, γ′) be crystallizations of closed
connected surfaces S1 and S2 respectively. (a) If (Γ, γ) can be obtained from (Γ
′, γ′) by a
simple cut-and-glue move then S1 and S2 are homeomorphic. (b) Conversely, if S1 and S2
are homeomorphic then (Γ′, γ′) can be obtained from (Γ, γ) by a finite sequence of simple
cut-and-glue moves.
Propositions 7, 8, 9 and 10 (a) are known for manifolds of dimension d ≥ 2. A different
version of Proposition 10 (b) is also known for dimensions d ≥ 2. From Propositions 9, 10
and Definition 5, we get the following.
Corollary 11. Let (Γ, γ) and (Γ′, γ′) be crystallizations of closed connected surfaces S1 and
S2 respectively. Then (Γ, γ) and (Γ
′, γ′) are D-equivalent if and only if S1 and S2 are
homeomorphic.
3 Proof of Theorem 1
In this section, we prove Theorem 1 using the following four lemmas.
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v′ u4
P1#P1#P1 = P3
Figure 2: P3 is obtained from P1#T1 by a simple cut-and-glue move.
Lemma 12. For m ≥ 1, Tm#P1 is D-equivalent to P2m+1.
Proof. We know from Figure 2 that P3 can be obtained from T1#P1 by a simple cut-and-
glue move. Therefore, by Definition 5, T1#P1 is D-equivalent to P3. Thus, the statement
is true for m = 1. Let us assume that the statement is true for m = n− 1, i.e., Tn−1#P1 is
D-equivalent to P2n−1. Now we show that the statement is true for m = n.
4
From the constructions of Pm and Tm, we have Pi#Pj = Pi+j and Ti#Tj = Ti+j. Since
T1#P1 is D-equivalent to P3, it follows that Tn#P1 is D-equivalent to Tn−1#P3. On the
other hand, since Tn−1#P1 is D-equivalent to P2n−1, Tn−1#P3 is D-equivalent to P2n+1.
Therefore,
Tn#P1 ≈D Tn−1#P3 ≈D P2n+1.
Thus the statement is true form = n. Now, the result follows by the induction principle.
Lemma 13. For m ≥ 1, there is no contracted bipartite 3-regular colored graph with 4m
vertices.
Proof. If possible, let Γ be a contracted bipartite 3-regular colored graph with 4m vertices.
Let {ui | 1 ≤ i ≤ 2m} ⊔ {vi | 1 ≤ i ≤ 2m} be the bipartition of the vertex set of Γ. Let
uivσ0(i) be the edges of color 0 and uivσ1(i) be the edges of color 1 for 1 ≤ i ≤ 2m where
σ0, σ1 ∈ Sym(2m) (= the symmetric group on a finite set of 2m symbols). Since Γ is
contracted, Γ{0,1} is a Hamiltonian cycle, equivalently, σ
−1
1 σ0 is a cyclic permutation of
order 2m. Without loss, we can assume σ0 is identity, and hence σ1 is a cyclic permutation
of order 2m. Let uivσ2(i) be the edges of color 2 (Since Γ is simple, each edge is uniquely
determined by its ends). Since Γ{0,2} is a Hamiltonian cycle, σ2 is a cyclic permutation of
order 2m. Since Γ{1,2} is a Hamiltonian cycle, σ
−1
2 σ1 is a cyclic permutation of order 2m.
Now, a cyclic permutation of order 2m is an odd permutation, and hence σ1 and σ2 are
odd permutations. Therefore, σ−12 σ1 is an even permutation, and hence σ
−1
2 σ1 can not be
a cyclic permutation of order 2m. This is a contradiction. This proves the result.
Lemma 14. For m ≥ 1, if Γ is a bipartite contracted 3-regular colored graph with 4m + 2
vertices then Γ is D-equivalent to Tm.
Proof. Let {0, 1, 2} be the color set. If m = 1, then Γ is a bipartite contracted 3-regular
colored graph with six vertices. Thus, from Example 6, Γ is unique and is isomorphic to
T1. Trivially, Γ is D-equivalent to T1.
Let us assume that the statement is true for m = q−1, i.e., if Γ is a bipartite contracted
3-regular colored graph with 4q − 2 vertices then Γ is D-equivalent to Tq−1. We now show
that the statement is true for m = q.
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v4
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v2s−1
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Figure 3: A ‘simple cut-and-glue move’ with the pairs (z1, z2) and (w1, w2) = (v2s−1, v2t).
Let Γ be a contracted bipartite 3-regular colored graph with 4q + 2 vertices. Since
Γ is contracted, Γ{0,1} is a Hamiltonian cycle, i.e., a (4q + 2)-cycle. Let v1, v2, . . . , v4q+2
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be the vertices of Γ such that, for 1 ≤ i ≤ 2q + 1, v2i−1v2i are the edges of color 0 and
v2iv2i+1 are the edges of color 1 (addition is modulo 4q + 2) in the Hamiltonian cycle. Let
us denote the vertices v2i−1 of Γ by black dots ‘•’ and the vertices v2i by white dots ‘◦’
for 1 ≤ i ≤ 2q + 1. Since Γ is bipartite, end points of each edge of color 2 are of different
types. Without loss, let v1v2r be an edge of color 2. If all edges with one end point lies in
{v2, v3, . . . , v2r−1} have both end points lie in that set then Γ{0,2} will not be a Hamiltonian
cycle. Thus, there must be an edge of color 2 between a vertex in {v2, v3, . . . , v2r−1} and
a vertex in {v2r+1, v2r+2, . . . , v4q+2}. Note that the existence of such an edge ensures the
existence of at least two such edges. Thus, there must be an edge of color 2, whose one
end point is a black dot ‘•’ vertex and lies in {v3, . . . , v2r−1}, and the other end point is a
white dot ‘◦’ vertex and lies in {v2r+1, v2r+2, . . . , v4q+2}. Let v2s−1 ∈ {v3, . . . , v2r−1} and
v2t ∈ {v2r+1, v2r+2, . . . , v4q+2} be such vertices.
If we choose w1 = v2s−1 and w2 = v2t then, by applying a ‘simple cut-and-glue move’
with the pairs (z1, z2) and (w1, w2) as in Definition 4, we get a contracted 3-regular colored
graph Γ′ from Γ as in Figure 3.
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Figure 4: A ‘simple cut-and-glue move’ with the pairs (z′1, z
′
2) and (w1, w2) = (v2r, v1).
Again, if we choose the pairs (z′1, z
′
2) and (v2r, v1) then, by applying a ‘simple cut-and-
glue move’ with the pairs (z′1, z
′
2) and (w1, w2) = (v2r, v1) as in Definition 4, we get a
contracted 3-regular colored graph Γ′′ from Γ′ as in Figure 4.
Now, it is easy to see that Γ′′ can be written as a connected sum of two graphs G and
H. Thus Γ′′ = G#uvH, where V (H) = {z1, z
′
1, v2, z2, z
′
2, v} and V (G) = V (Γ
′′)∪{u}\V (H)
for some vertices u and v of different types. Here, by the construction, H ∼= T1.
Since |G| = 4q − 2, by the assumption, G is D-equivalent to Tq−1, and hence Γ is
D-equivalent to Tq−1#T1 = Tq. The result now follows by the induction principle.
Lemma 15. For m ≥ 2, if Γ is a non-bipartite contracted 3-regular colored graph with 2m
vertices then Γ is D-equivalent to Pm−1.
Proof. Let {0, 1, 2} be the color set. If m = 2, then Γ is a non-bipartite contracted 3-regular
colored graph with four vertices. Thus, from Example 6, Γ is unique and is isomorphic to
P1. Trivially, Γ is D-equivalent to P1.
Let us assume that the statement is true for m = p − 1, i.e., if Γ is a non-bipartite
contracted 3-regular colored graph with 2p− 2 vertices then Γ is D-equivalent to Pp−2. We
now show that the statement is true for m = p.
Let Γ be a non-bipartite contracted 3-regular colored graph with 2p vertices. Since Γ is
contracted, Γ{0,1} is a Hamiltonian cycle, i.e., a 2p-cycle. Let v1, v2, . . . , v2p be the vertices of
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Γ such that, for 1 ≤ i ≤ p, v2i−1v2i are the edges of color 0 and v2iv2i+1 are the edges of color
1 (addition is modulo 2p) in the Hamiltonian cycle. Let us denote the vertices v2i−1 of Γ by
black dots ‘•’ and the vertices v2i by white dots ‘◦’, for 1 ≤ i ≤ p. Since Γ is non-bipartite,
there is an edge of color 2 between two vertices of same type. Without loss, let there be
an edge of color 2 between two black dots ‘•’ vertices, say v1 and v2r−1 respectively. Since
there are odd number of vertices in the set {v2, v3, . . . , v2r−2}, there must be an edge of
color 2 between some vertices vs ∈ {v2, v3, . . . , v2r−2} and vt ∈ {v2r, v2r+1, . . . , v2p}. (vs, vt
may be of same type or of different types.)
v1
v2
v3
v4
vs−1vs
vs+1
v2r−2
v2r−1
v2r
v2r+1
vt−1
vt
vt+1 v2p−3
v2p−2
v2p−1
v2p
Γ
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z2
v1
v2
v3
v4
vs−1vs
vs+1
v2r−2
v2r−1
v2r
v2r+1
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vt
vt+1 v2p−3
v2p−2
v2p−1
v2p
Γ¯
v1
z2
v2r−1
v2r
v2r+1vt−1
vs+1
v2r−2
z1
v2
v3
v4
vs−1
vt+1 v2p−3
v2p−2
v2p−1
v2p
Γ′
Figure 5: A ‘simple cut-and-glue move’ with the pairs (z1, z2) and (w1, w2) = (vs, vt).
If we choose w1 = vs and w2 = vt then, by applying a ‘simple cut-and-glue move’ with
the pairs (z1, z2) and (w1, w2) as in Definition 4, we get a contracted 3-regular colored graph
Γ′ from Γ as in Figure 5.
Now, it is easy to see that Γ′ can be written as a connected sum of two graphs G and
H. Thus Γ′ = G#uvH, where V (H) = {v1, z2, v2r−1, v} and V (G) = V (Γ
′) ∪ {u} \ V (H)
for some vertices u and v of different types. Here, by the construction, H ∼= P1.
Since H is non-bipartite, G is either bipartite or non-bipartite. If G is bipartite then,
by Lemmas 13 and 14, G is D-equivalent to Tp/2−1, where p is even (as |G| = 2p− 2). Then
Γ′ = G#uvH is D-equivalent to Tp/2−1#P1, and hence by Lemma 12, Γ
′ is D-equivalent to
Pp−1. This implies Γ is D-equivalent to Pp−1.
On the other hand, if G is non-bipartite then, by the assumption, G is D-equivalent to
Pp−2 (as |G| = 2p − 2), and hence Γ is D-equivalent to Pp−2#P1 = Pp−1. The result now
follows by the induction principle.
Proof of Theorem 1. For n ≥ 4, Let G be a contracted 3-regular colored graph with n
vertices. If n = 4m for some m ≥ 1 then, by Lemma 13, G is non-bipartite. Therefore, by
Lemma 15, G is D-equivalent to P2m−1. If n = 4m + 2 for some m ≥ 1 then, by Lemmas
14 and 15, G is D-equivalent to Tm (in the case when G is bipartite) or P2m (in the case
when G is non-bipartite). This completes the proof.
4 Proof of Corollary 2
In this section, we prove Corollary 2 using the following Example.
Example 16 (Crystallizations of known closed surfaces). From the simplicial cell complex
K(L) as in Figure 6, it is clear that L is a crystallization of S2.
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v1 v2
L
σ(v1)
σ(v2)
0
1
2
2
→
↓ ↑↑
←
K(L)
0
1
2
Figure 6: The 2-vertex crystallization and the corresponding simplicial cell complex of S2.
From the simplicial cell complexes K(P1) and K(T1) as in Figures 7 and 8 respectively, it
is clear that, P1 is a crystallization of RP
2 and T1 is a crystallization of S
1×S1. For m ≥ 1,
Pm is a connected sum of m copies of P1 and hence, by Proposition 9, Pm is a crystallization
of #mRP
2. For m ≥ 1, Tm is a (4m + 2)-vertex contracted 3-regular colored graph which
is a connected sum of m copies of T1. Since the connected sums G#uvT1 and G#uwT1 are
isomorphic for two arbitrarily chosen vertices v,w ∈ V (T1) and for a bipartite graph G, it
does not matter that the vertices involving in the connected sum Tm are of different types
or of same type. Thus, by Proposition 9, Tm is a crystallization of #m(S
1 × S1).
v2
v4
v3
v1
P1
σ(v2)
σ(v4)
σ(v3) σ(v1)
0
0
1
1
2
→
↓↓ ↑
↑
←
K(P1)
0
1
2
Figure 7: The 4-vertex crystallization and the corresponding simplicial cell complex of RP2.
v2
v4
v6
v3
v5
v1
T1
σ(v2)σ(v4)
σ(v6)
σ(v3)
σ(v5) σ(v1)
0
0
0
1
1
12
←
←
←
←
K(T1)
0
1
2
Figure 8: The 6-vertex crystallization and corresponding simplicial cell complex of S1× S1.
Observe that Pm (resp., Tm) is non-bipartite (resp., bipartite) as the corresponding
surface is non-orientable (resp., orientable). Again, by Proposition 9, L#(#mP1)#(#nT1)
is a crystallization of the surface S2#(#mRP
2)#(#nS
1 × S1) for m,n ≥ 0.
Proof of Corollary 2. From Proposition 7 we know that every closed connected surface has
a crystallization, i.e., every closed connected surface can be represented by a contracted
3-regular colored graph. Let (Γ, γ) be such a contracted 3-regular colored graph for the
surface S (i.e., (Γ, γ) is a crystallization of S). Let (Γ, γ) has n vertices. If n = 2, then
Γ = L (cf. Example 6), and hence S is homeomorphic to S2 (cf. Example 16).
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If n = 4m for some m ≥ 1, then by Theorem 1, Γ is D-equivalent to P2m−1. Since (Γ, γ)
is a crystallization of S and P2m−1 is a crystallization of #2m−1RP
2, by the ‘only if part’
of Corollary 11, S is homeomorphic to #2m−1RP
2.
If n = 4m + 2 for some m ≥ 1, then by Theorem 1, Γ is D-equivalent to Tm (when
Γ is bipartite) or P2m (when Γ is non-bipartite). We know from Proposition 8 that S
is orientable if and only if Γ is bipartite. Also, from Example 16, we know that Tm is
a crystallization of #m(S
1 × S1) and P2m is a crystallization of #2mRP
2. Thus, by the
‘only if part’ of Corollary 11, S is homeomorphic to #m(S
1 × S1) if S is orientable and is
homeomorphic to #2mRP
2 if S is non-orientable. These prove the result.
Remark 17. Because of ‘the existence of crystallizations of surfaces in Example 16’ and the
fact that ‘the number of vertices for crystallizations of a closed surface is unique’, it is not
difficult to see the following: (i) Corollary 2 ⇒ Proposition 7. (ii) Corollary 2 and the ‘if
part’ of Corollary 11⇒ Theorem 1, (iii) Theorem 1 and Corollary 2⇒ Corollary 11. In this
article, we prove Theorem 1 independently. As a consequence we prove ‘the classification
theorem of closed surfaces’. More explicitly, we prove (iv) Theorem 1, Proposition 7 and
the ‘only if part’ of Corollary 11 ⇒ Corollary 2. Thus, if we assume any three of Theorem
1, Corollary 2, Proposition 7 and Corollary 11, then the fourth one follows.
Remark 18. For d ≥ 2, let M1, M2 be two closed connected d-manifolds. If both M1
and M2 are orientable then there are two (possibly non-homeomorphic) connected sums,
depending on how the manifolds are oriented. From some classical results in Topology, it
is known that, if 2 ≤ d ≤ 3 then the connected sum of two orientable d-manifolds is unique
up to homeomorphism. For d = 2, this result also follows from Corollary 2.
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